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A new method for block-diagonalizing large Hamiltonian matrices, in closéd form, is
described. The method is based on (i) a general unitary transformation due to Slichter, and (ii)
Fano’s unit spherical operators f]g (I;, I;). The method is illustrated with a simple three spin
1/2 dipolar coupled spin system, characterized by off-block-diagonal unit spherical tensors
U23(3/2,1/2,a) and U3(3/2,1/2, a). In addition, it is pointed out that any Hamiltonian matrix
can be re-labelled in terms of fictitious spin labels, enabling a wide variety of unit spherical ten-
sors to be used in block-diagonalization. For example, a single spin 5/2 matrix can be re-
labelled using three spin labels 1/2, 1/2/, and 1/2”, respectively. Thus the tensor algebra
required to block-diagonalize a 6 x 6 matrix is determined solely by the properties of the Pauli
spin matrices. Finally, it is shown that re-labelling within the unit spherical tensor framework
provides a unifying framework for standard basis operators, fictitious spin 1/2 and 1 opera-
tors, and others. The fictitious spin 1/2 unit spherical operators discussed in this paper differ
from those of Vega and Pines.

1. Introduction

In the interpretation of NMR experiments on multiple connected spin systems,
one is frequently confronted with the need to diagonalize large Hamiltonian
matrices. For coupled spin 1/2 nuclei the dimensions of the Hamiltonian are
2" x 2", where n is the number of connected spins. Thus for 2(3) spins the size of the
Hamiltonian matrix is 4 x 4(8 x 8), respectively. If the parameters of the Hamilto-
nian are known, it is a relatively easy matter to obtain the eigenvalues and eigenvec-
tors using numerical means. However, if the parameters are unknown, it is
advantageous to seek solutions in closed form. Given the latter, it is often possible
to obtain explicit expressions for the time evolution of the nuclear density matrix
p(t), avaluable aid in the interpretation of experimental results.

However, in general, there are many cases where solutions in closed form are
impossible. Only if the dimensions of the matrix in question are <4 X 4, can analy-
tical solutions be guaranteed. Consequently, in the case of more than three coupled
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spin 1/2 nuclei, solutions in closed form are only possible if the matrix in question
can be block-diagonalized into submatrices with dimensions less than 4 x 4. If this
stratagem fails, the only resource is to obtain approximate eigenvalues and eigen-
vectors using either perturbation theory or Newton’s method of successive approx-
imations (see, for example, ref. [1]).

In this paper, the problem of block-diagonalizing large Hamiltonian matrices is
addressed within the framework of Fano’s unit spherical tensors [2—4]. The basic
idea behind this work is that it is easier to block-diagonalize a given matrix than to
reduce it to its full diagonal form. As a first step in this direction, a simple three
dipolar coupled spin 1/2 problem is examined using geometries other than the sim-
ple equilateral triangle considered in ref. [4]. In general, the 8 x 8 Hamiltonian
matrix in question is characterized by the presence of off-block-diagonal unit sphe-
rical operators U2(3/2,1/2,a) and U2(3/2,1/2,a), where I = 3/2,1/2, and 1/2'
are the spin states available to the three spin 1/2 spin system [3,4]. Thus this exam-
ple provides a simple introduction to the problem of block-diagonalizing large
matrices. In particular, it is shown that (i) for the problem in question a perturba-
tive approach used by Slichter [5] can be summed to infinite order, and (ii) this
result can be used to “force” block-diagonalization of the 8 x 8 matrix into two
4 x 4 matrices. Finally, using the observation that the Zeeman projection
(my +my + m3) is a ““good quantum number”, the matrix in question is further
reduced to a one 2 x 2 plus two 3 x 3 matrices. The two distinct methods, which
appear to have little in common with each other, are contrasted and discussed in
some detail.

For brevity, it will be assumed that the reader is familiar with the terminology
and properties of the unit spherical tensors, as discussed in refs. [2—4].

2. Three coupled spin 1/2 problem

Consider the three-spin 1/2 nuclei shown in fig. 1. Here the are vector of the
plane formed by the three spins is parallel to the applied magnetic field H. However
the distances a, b, and ¢ between the spins are not necessarily identical.

Following eq. (24) of ref. [4], the Hamiltonian of the dipolar coupled spin system
in the strongly coupled representation can be written as

H = hAwd, + U233 + UG, 1,a) + 4023, 1 a), (1)
where (i) the spins available are 7 = 3/2,1/2, and 1/2’, respectively, (ii) the unit
spherical tensors are defined via
I K 5

<11M1105(13,14)112M2>=(_1)12-M1(2K+1)1/2(—M1 Q0 M,

) 81,5001,

2)

(iii) the Zeeman offset is given by



G.J. Bowden, M.J. Prandolini / Block-diagonalization af matrices 393

spin 1

spin 3 spin 2

b

Fig. 1. Three coupled spin 1/2 nuclei. The area vector A4 of the plane formed by the spins is parallel
to H. However the distances between the spins a, b, ¢, are arbitrary

. 1 . 1 . :
o0h = g = 8 V30,9 + DD + B4 ®
in terms of unit tensors, (iv) the coefficients of the dipolar Hamiltonian are
1
a= 5—\7—5[012 + Di3 + D),
1
= ——=[(D13 + D23) — 2Dy},
B e (D13 + Da3) 12]
v = 3Dy — D3], 4)
and (v)
2
_ Holgpn)"r 39,
D; = 47"?,' [1 3cos 9,1] . (5)

Here the average over cos? 8 implies that the spin system in question may be spin-
ning about some molecular axis, which is not necessarily collinear with the applied
field H.

Note that the first two terms in eq. (1) are block-diagonal in I, whereas the last
two terms are off-block-diagonal. Further, if D3 = D;3 = D,3, 3and v vanishiden-
tically, and the Hamiltonian is block-diagonal in /. This is the case for three identi-
cal spins placed at the corners of an equilateral triangle, discussed earlier in
ref. [4].

3. Perturbation theory: a unitary transformation

First, we note that the Hamiltonian of eq. (1) can be subdivided into block-diag-
onal and off-block-diagonal terms:
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H = Hp + Hop, (6)
where

Hp = hAwd, + aU3 3,3 (7)
and

Hop = BU3G3.3a) +7033.1,a). (8)

Thus we seek a unitary transformation which will reduce H to the block-diagonal
form.

As noted earlier, a similar problem has been tackled by Slichter [5] in connection
with the atomic spin—orbit coupling term Al - s, which prevents block-diagonaliza-
tion in the I and s submanifolds. Following ref. [5] therefore, we seek a unitary
transformation exp(S) such that

:H:, — e—Sg{e+S’ (9)
where, hopefully, H' is block-diagonal.

The right-hand side of eq. (9) can be expanded using the nested commutator
expansion

e SHe™ = H — [S,H]_ + L[S, [S,H]_]_ — L[S, [S, [S, H]_]]+..., (10)
or alternatively
e 5 (Hp + Hop)ets =Hp + Hop — [S, Hp]_ — [S, Hop]_
+ L[S, [S, Hp]_]_ +%[S,[S,Hop]_]_ —....  (11)

If Hop is small, .S should be = Hpp, and so the series should converge. Further, if
we choose S such that

Hop =[S, Hp]_, (12)
then
H = e S(Hp + Hop)e™® = Hp — [S, Hop]_ + 4 [S, [S, Hp]_]_ + Ord(S?)
= Hp — 1[5, Hop]_, (13)

to order S3. Note that for this strategem to work, S must be off-block-diagonal
and such that [S, Hop] _ is block-diagonal.
From the first row of the commutators given in table 1, we see that

[053.%5), U339 = 303G, 5 9). (14)
This suggests therefore that the required operator S'is given by
2. . .
==[pU3G.35) +703G.5.9). (15)

Moreover, since
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Table 1
Some commutators for the three coupled spin 1/2 spin system
(033,49, U263 =1023.49)
(06G.49), B3 3o = 4036,H +4086.9 - T8 G.H
(033.4.5), U234 a)) = 4034 ,s)
036,59, U3G.3)] = 308G 49)
ACRORACRIR = —1083.59)
(D3G5 9), TG - =L 03349
(023,40, 3G =L 030,49
[036.59), BG4 .91 =103¢.4.9)
[02G.4,9), B3G5, 9)) =102G.4.s)
3 0365 9)] = 3, U331, 5)] =0, (16)

(see for example the Racah-like identities discussed in ref. [1]), the Zeeman term in

the Hamiltonian is unaffected by the unitary transformation of eq. (15). In practice,

it is usually a simple matter to find .S by inspection. However, it is also possible to

determine Selement by element, using the method set outin appendix D of ref. [5].
With the above choice of S (15), it is easily shown that

2
[S’%le—{ﬁ 71636, - 096,91 + ” 00,4
\/—72 UO ;/’;f 6U0(;,¥, )} =X, (17)

where (i) we have made use of the second and third entries in table 1, and (ii) X is
a shorthand notation for this particular commutator. The new transformed Hamil-
tonian therefore takes the form

2
+
H' = Hp — 3[S, Hop)_ -—fHD-*—ﬂ 72U2(3,§ 33,3

7 By
+-7—U°<2,2) +- 500G D+ T BGE) (18)
to order S3.
Alternatively, eq. (18) can be re-written in the form
H = hAwd; + ' UF3,3) + Hor, (19)

where (i) the effective strength o' of the second rank dipolar term affecting the
spin/ = 3 /2 stateis now given by
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20’
and (ii) the zero-rank terms are given by

2 2
Hor =~ 2 006, 3 + 2 to

2a av2
+ R0 +E 000 1)

Thus the 8 x 8 matrix has been reduced to two 4 x 4 block-diagonal matrices,
to order ~ S>. In summary, therefore, the principal effects of the transformation
are (i) to increase the energy separation between the 7 = 3/2,1/2 and 1/2’ spin
levels through the action of the zero-rank terms, (ii) to modify the strength of the
dipolar field term acting on the I = 3/2 spin state, and (iii) to cause admixing
between the 1/2 and 1/2’ spin states. Note that, for convenience, we have used the
spin labels 3/2, 1/2, 1/2' to describe the new partitioned matrices of the 8 x 8
matrix, even though the original wave functions are now admixed. In summary,
therefore, for weak 3 and v, NMR experiments should be performed treating the
I = 3/2 spin system as if it were a single spin system, but with a small change in the
dipolar splitting.

Finally, since the manifold spanned by the I = 3/2 state is already diagonal,
the problem has been reduced to a diagonalization of the 4 x 4 matrix associated
with the I = 1/2and 1/2' spin manifolds. After some minor manipulation we find

Ey = hAw + /o + 4677 [[a(B — 7)),

E; = hAw + ¥*/a + 48%y* /[e(B* — )],

E; = —hAw + B o + 4577 [lo(B” - )],

Ey = —hhw ++*Jo + 45 /[a(B* — )], (22)

to order S* (or H2p).

4. Infinite series: block-diagonalization

Given the success of the perturbative approach described in the previous sec-
tion, it is natural to enquire whether or not it is possible to do better by going to
higher orderin S. In fact, it is possible to sum the entire series.

For reasons which will soon become apparent, it is advantageous to modify,
slightly, the unitary transformation used in the previous section. In place of eq. (9),
therefore, we write

H = e MHet (23)

where ) is a constant to be defined later. Next we observe that the left-hand side
of eq. (23) is really the sum of two infinite exponential series. Explicitly
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H = C~AS:}Ce+/\S — e—ASg{De-HS + e_’\sﬂ‘fopew‘s
)\2
= + Hp — A[S, Hp]_ + 5

(82,360 ..

AZ
+ Hop — A[S, Hop]_ + E[SZ’ Hop)_ ..., (24)

where [S;, H]_ is a short-hand notation for [S, [S, H]_]_ etc.
The first two single commutators in eq. (24) have already been obtained. On eval-
uating the double commutator [S;, Hop|_ we find
2
iy 7) g
o

[S2, Hop]_ = op = —&Hop, (25)

where (i) we have made use of the commutation relationships summarized in table
1, and (ii) the constant £ is given by
e 28+
= - )
The appearance of the off-block-diagonal term Hop term in eq. (24) means that

both the exponential series are ‘“‘closed” in the sense that only Hop and
[S, Hop]_(= X) ever appear. Proceeding in this fashion therefore we obtain

(26)

M2 M, M,
g{, =+9‘CD —Ag‘COD+'2—'-X+‘§'—€ :H:OD—ZTf X...
pe X a4
+Hop — AX = 5-£Hop + 372X + 7€' Hop ... . (27)

These two series can be summed exactly. We find

H' = Hp + fHop + g[S, Hop]_, (28)
where

f = |cos X — %sin )\E] (29)

and

(30)

[1 —cosA¢  sin )\5}
g= 2 - .
[ ¢ £

We are now in a position to make an interesting observation. If we choose A
such that
tan X\ =&, (31)

the coefficient f associated with the off-block-diagonal Hamiltonian Hop
vanishes identically. Further, given eq. (30) it is easy to show that the coefficient g is
now of the form
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o

g&= —m ) (32)
where nis given by

n=[o?+4(8 + )" (33)

Thus the Hamiltonian takes the form
:}{, =:H-D +g(,\)[S, :H:OD] = hAWHZ + Cl(]‘2 252)

(B + PG - 83G.D)
+V2 ﬂZU°(2,2>+~f PO.E) +2690864,4,9)} (34)

which spans the block-diagonal 4 x 4 submanifold of the I = 3/2 state, and the
4 x 4 submanifold of the / = 1/2and 1/2' states.

In summary, therefore, a procedure for block-diagonalizing an 8 x 8 matrix
has been described, within the framework of unit spherical operators. In the next
section, an alternative method is presented which allows the same matrix to be
block- diagonalized into one 2 x 2and two 3 x 3 matrices.

5.Block-diagonalization using jJ, as a good quantum number

So far we have not fully exploited the fact that j, commutes with the Hamilto-
nian of eq. (1). Since the projection of g, along the z-axis is a “good quantum num-
ber”, it is advantageous to re-label the Hamiltonian matrix in terms of
M, =3/2>,|M, = 1/2), etc. Proceeding in this fashion, we obtain the Hamilto-
nian matrix

123> - B B K- B-» h-H ¥-D
a+3kAw 0 0 0 0 0 0 0

0  a-3Aw 0 0 0 0 0 0

0 0  Aw-a -B -y 0 0 0

H=1x 0 0 B hAw 0 0 0 o {39

0 0 0 hAw 0 0 0

0 0 0 0 0 —a-hAw B "y

0 0 0 0 0 B —FAw 0

0 0 0 0 0 v 0 —hAw

which consists of one 2 x 2 matrix and two 3 x 3 block-diagonal matrices. These
small matrices are easily diagonalized to yield the eigenvalues and eigenvectors
summarized in table 2.

From an examination of table 2, it is clear that from a multiple-quantum point
of view, the triple quantum frequency of 3Aw is unaffected by the presence of the
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Table2

The eigenvalues and eigenvectors of the Hamiltonian of eq. (1), in the strongly coupled representa-
tion.

= o + 3hAw) lvi>=13.3>
= (o - 3#Aw) lw2>=13,-3
.—_%hAuJ IW3> \/ﬂ—+—2(7lz)2> ﬂlz 72>)

1
|W4>=m((ﬂ_a)lz,z> 2618,5> — 2914, 5)

1
= {(hAw — §(n+ o)) ws) = \/-—i—(“——:————)((n +a)|3, 5+ 28155 + 29, 1)

Eq = 3(hdw +3(n — o))

Eg = _%hAw 1W6> \/W(’lev 2> ﬂ[z» 2))

E; = %(“hAw + %("7 —a)) vy = \/————*—("7 a)l 39 2> + 216[2, 2> + 2’7]2 s —§>)

=-rAw-1ln+a))

1
1‘/’8}:—2_17(;’:__)(7)‘*‘0:)!2: 2> 2ﬂ|2: 2> 2’7121 z)
wheren = v/a? + 4(32 + %)

off-diagonal terms  and . However, this is not the case for most of the single
and double quantum frequencies, unless of course 3 and -~y are identically equal to
Zero.

Using table 2, it is easily shown that the characteristic equation of the Hamilto-
nian is of the form

(e [ e O )
* (’\+h_‘§—g+%(a+n))} X KA—R‘?“’) (M—h?w)

(,\—-h%g——(n )) (/\—1»%—%(7)—&))]- (36)

The first term in square brackets is associated with the pseudo spin 3/2 submani-
fold, and the second term by the pseudo spin 1/2 and 1/2' (4 x 4) submatrix. This
statement is easily verified by working out the characteristic equation of the trans-
formed Hamiltonian of eq. (34). For example, for the pseudo spin 3/2 submanifold
of the matrix, we have

3,9 = @) + 03G9 + 152 1036.9 - 08G9, (37)

or inmatrix form
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[0

(3w + 2 0 0 0
L 0 liaw-1T2 0 0
B B 0 i - (122 0 O
0 0 0 —3hAw+ 3

in accord with the first square bracket of the characteristic equation (36).

One final point should be made before concluding this section. From an exami-
nation of the eigenvalues of eq. (36), it is evident that it is not possible to distinguish
between the coefficients #and . They always appear in the combination 52 + 2.

6. Summation of infinite series: a general method

It should, of course, be acknowledged that the three spin problem discussed in
this paper is relatively simple in that the Hamiltonian matrix can be block-diagona-
lized, simple, without recourse to unit spherical tensors. Nevertheless, the results
obtained demonstrate the viability of the unit spherical tensor approach. In more
complicated problems, it may prove difficult to sum the nested commutator expan-
sion. Thus it is advantageous to seek a more general approach.

Firstly, we assume that a transformation S can be found such that

(S, Hp]_ = Hop, (39)

where the diagonal and off-diagonal Hamiltonians Hp and Hop are now general.
Thus we seek to evaluate the expression

H =eMHetS, (40)

Secondly, since the unit spherical tensors form a complete set, any Hamiltonian
can be expressed in form

%IZZZZPS(II'?‘{}"E)AU&((L':II: €), (41)

Ig KQ e
where the Fano coefficients are given by
g Iy €) = Te((Ug (I, I, €)) e S He™S] . (42)

Consequently, if the eigenvalues Ey and eigenfunctions |Sy ) of S are known, the
required Fano coefficients can be rewritten in the form

PpIi 1y €) =D SSNI(UE (T 11, €)' 1Sh > SprlH|Sy ye 2 Eu =) (43)
NM

Thus the problem of diagonalizing the Hamiltonian H has been reduced to the pro-
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blem of diagonalizing S, which is a far simpler problem. For the three spin 1/2 pro-
blem considered in this paper, the unitary transformation is given by

/00000000\\

00 0 0 -8 0 — O
00 0 0 0 4 0 =~
1 |00 0 0 0 0 0 O
S:-—X 3 (44)
a 0o 0 0 0 0 0 O
00 -0 0 0 0 0
0y 0 0 0 0 0 0

\00—700000/

which, after re-labelling, is readily diagonalized. The eigenvalues consist of six
roots with eigenvalue zero, two repeated roots with eigenvalue +iy/v2 + 42, and
two repeated roots with eigenvalue —iy/42 + 2. This observation strengthens our
initial supposition that it is easier to block-diagonalize a given matrix than to
reduce it to its energy representation. Proceeding in this fashion, therefore, it is pos-
sible to determine all of the Fano coefficients which determine the transformed
Hamiltonian H’. Finally, H' can be reduced to a block-diagonal form with an
appropriate selection of the adjustable parameter A.

7. Fictitious spin labels

So far, the problem of three coupled spin 1/2 nuclei has been addressed in terms
of the three angular momenta 3/2, 1/2, 1/2' available to the nuclear spin system
in question. However, it is worth noting that the 8 x 8 Hamiltonian matrix could
equally well have been re-labelled, from the start, in terms of two “fictitious spins”
3/2and 3/2' (4 + 4 = 8), or two “fictitious spins” 2 and 1 (5 + 3 = 8). In fact any
Hamiltonian matrix can be re-labelled using a suitable set of “fictitious spins”. For
example, the 6 x 6 Hilbert space of a “‘real” single spin I = 5/2 could be re-labelled
in terms of two ““fictitious” spins I = 3/2 and I, = 1/2. Some possible spin labels
for matrices with dimensions less than 10 x 10 can be seen in table 3. Clearly, each
problem should be addressed on its own merits. Note that it is not possible to mix
integer and half-integer spins using unit spherical tensors of integer rank
(K =0,1,2,...), by virtue of the triangular vector-coupling rule.

Three other points should also be made. In the first place, any matric dimension
n can be re-labelled with spins (01, 0,,03,...,0,) where the individual spins 0; are
different. In practice, this corresponds to the standard basis set, since all entries in
the 1 x 1 manifold spanned by the submanifold 0; x 0; are either 0 or 1 (see, for
example, ref. [6] or [7]). Thus the re-labelling scheme proposed in this paper has, as
its trivial limit, the standard basis set. Secondly, we note that all half-integer spin
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systems can be re-labelled with spins (1/2,1/2',1/2”,...,1/2"). Thus the tensor
" algebra is reduced to that of the 2 x 2 Pauli matrices, which can only support rank 0
or 1 tensors. However, while these fictitious spin 1/2 unit spherical operators bear
some resemblance to the “fictitious spin 1/2 operators” of Vega and Pines [8],
and the “‘single transition operators” of Wokaun and Ernst [9], they are not identi-
cal. For example it is not possible to use unit spherical fictitious spin 1/2 operators
for I = 1 spin systems. In fact unit spherical spin 1/2 operators cannot be used for
integer spin systems. In such cases, it is necessary to use either fictitious spin 1 or 0
operators, as shown in table 3.

8. Conclusions

In this paper, a systematic method for block-diagonalizing Hamiltonian
matrices in a closed form has been described, using a simple three spin 1/2 dipolar-
coupled nuclei as an example. In particular, it has been shown that unit spherical
tensors can be used to block-diagonalize an 8 x 8 matrix into two 4 x 4 matrices by
(i) summing an infinite series, and (ii) suitably choosing an adjustable parameter.
In addition, a simpler method of block-diagonalizing the matrix in question has
been described, which made full use of the symmetry in the problem (i.e.
[dz, H]_ = 0). Both approaches lead, of course, to the same set of eigenvalues. In
summary, therefore, one should strive to exploit all of the symmetries resident in
the Hamiltonian to the full, particularly for large spin-systems. However, once this
has been done, the only hope for further block-diagonalization presumably rests

Table 3
Some fictitious spin labels for matrices with dimensions <10. Not all possibilities are listed.
Dimensions Spinlabels

1 0

2 L0+0

3 Lo+ 0 +0”

1

4 33+3,1+0

5 2,1+0+0

: RS TS PR

7 31+1+0

8 Li+l3+7 24,141 +0+0

9 4,2414034+0+0

+
9741543 s 1 13 Y 1
2’2+2’2+2’2+2+2’2+2+2

—
[
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with the spherical tensor method described in this paper. However should this stra-
tagem fail, it is still possible to develop a high order block-diagonal perturbation
series, in a systematic fashion. ‘

In addition, it has been demonstrated that any matrix can be partitioned using
a wide variety of fictitious spin labels. Unit spherical tensors provide an underlying
framework for standard basis operators, fictitious spin 1/2, unit spherical opera-
tors and others. For example, a single spin 5/2 (6 x 6) matrix can be re-labelled
using spins 1/2, 1/2/, and 1/2”, respectively. Thus the block-diagonalization of the
(6 x 6) matrix is determined by the algebra of the Pauli spin matrices.

Finally, it has been pointed out that it is not possible to partition a given matrix
into mixtures of integer and half-integer spins, using unit spherical tensors
flg (I;, I;) of integer rank K. In a following paper, however, it will be demonstrated
that this impasse can be overcome by defining a new set of half-integer rank unit
spherical tensors.

References

[1] G.J. Bowden, J. Khachan and J.P.D. Martin, J. Magn. Res. 83 (1989) 79.

[2] G.J.Bowden,J.P.D. Martinand F. Separovic, Mol. Phys. 70 (1990) 581.

[3]1 G.J. Bowden, J.P.D. Martin and M.J. Prandolini, Mol. Phys. 74 (1990) 985.

[4] G.J. Bowdenand M.J. Prandolini, Mol. Phys. 74 (1990) 999.

[5] C.P. Slichter, Principles of Magnetic Resonance (Harper & Row, New York, Evanston, London,
and John Weatherhill, Tokyo, 1963).

[6] S.B.Haleyand P. Erdos, Phys. Rev. B5(1972) 1106.

[71 P. Bak, 20th Ann. Conf. on Magnetism and Magnetic Materials, San Fransisco, California, 1974

[8] S.Vegaand A. Pines, J. Chem. Phys. 66 (1977) 5624.

[91 A. Wokaun and R.R.Ernst, J. Chem. Phys. 67 (1977) 1752.



